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Introduction & Background

Interface related optimization problems arise from many applications including
image segmentation; heat sink design; structure, shape and topology
optimization; optimal composite material; fluid network design; and so on.

IThe Mathematical Problem
min

Ω0
J (Ω0,Θ)

s.t.; C(Ω0,Θ) = 0.
where
IJ(Ω0,Θ): objective

functional
IΩ0 ⊂ Ω: domain to be

optimized in a computational
domain Ω

IΘ: possible state variables
(e.g. velocity field,
temperature, etc.)

Figure 1: Interface related optimization problems

Mathematical modelling and simulation of the problem:
Representation of the interface
Approximation of the problem

Numerical methods
We propose a framework algorithm based on the indicator function
representation.

The mathematical problem

IThe general formula:

(u?,Θ?) = arg min
u∈B,Θ∈S

E :=
n∑

i=1

∫
Ωi

Fi(Θ1, . . . ,Θn)dx + λ

n∑
i=1

|∂Ωi|.

IB =

{
(u1, u2, . . . , un) ∈ BV (Ω,Rn) | ui = {0, 1} and

n∑
i=1

ui(x) = 1

}
,

IS: admissible set of Θ = (Θ1,Θ2, . . . ,Θn).
IThe indicator function representation:

ui(x) = χΩi(x) :=

{
1 if x ∈ Ωi,

0 otherwise,
i ∈ [n].

IThe approximation: When τ � 1, the length of ∂Ωi ∩ ∂Ωj can be approximated
by [Esedoglu + Otto, CPAM, 2015]

|∂Ωi ∩ ∂Ωj| ≈
√
π

τ

∫
Ω

uiGτ ∗ uj dx,

where ∗ represents convolution and

Gδt(x) =
1

(4πτ )d/2
exp(−

|x|2

4τ
)

is the heat kernel for the d-dimensional heat diffusion equation in free space.

IThe approximate problem:

Eτ(u,Θ) =
n∑

i=1

∫
Ω

uiFi(Θ1, . . . ,Θn) dx + λ

n∑
j=1,j 6=i

√
π

τ

∫
Ω

uiGτ ∗ uj dx

 .
Derivation of the method

Apply the coordinate descent method to minimize Eτ(u,Θ); that is, starting from
an initial guess: u0, we find the minimizers iteratively in the following order:

Θ0, u0,Θ1, . . . , uk,Θk, . . .

where

Θk = min
Θ∈S

n∑
i=1

∫
Ω

uk
i Fi(Θ1, . . . ,Θn)dx (1)

uk+1 = min
u∈B

n∑
i=1

∫
Ω

uiFi(Θk
1, . . . ,Θk

n)dx + λ

n∑
j=1,j 6=i

√
π

τ

∫
Ω

uiGτ ∗ uj dx (2)

Since Eτ(u,Θ) is concave in u, solution to (2) can be approximated by solving
the relaxed and linearized problem.

uk+1 = arg min
u∈K
Lτ(f ,Θk, uk, u)

Derivation of the method

ILτ(f ,Θk, uk, u) =
∑n

i=1

∫
Ω uiφ

k
i dx

Iφk
i = Fi(Θk

1, . . . ,Θk
n) + λ

n∑
j=1,j 6=i

√
π
τ
Gτ ∗ uk

j

IK =
{

(u1, u2, . . . , un) ∈ BV (Ω,Rn) | ui ∈ [0, 1], and
∑n

i=1 ui(x) = 1
}

The Iterative Convolution-Thresholding Method (ICTM)

1. For the fixed us, find

Θs = arg min
Θ∈S

n∑
i=1

∫
Ω

us
i Fi(Θ1, . . . ,Θn)dx.

2. For i ∈ [n], evaluate

φs
i = Fi(Θs

1, . . . ,Θs
n) + λ

n∑
j=1,j 6=i

√
π

τ
Gτ ∗ us

j .

3. For i ∈ [n], set

us+1
i (x) =

{
1 if i = min{arg min`∈[n]φ

s
`},

0 otherwise.

Numerical Results
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